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PREFACE.

IT is the purpose of this work to present a thorough investigation of the
various systems of Symbolic Reasoning allied to ordinary Algebra. The
chief examples of such systems are Hamilton’s Quaternions, Grassmann’s
Calculus of Extension, and Boole’s Symbolic Logic. Such algebras have
an intrinsic value for separate detailed study; also they are worthy of a
comparative study, for the sake of the light thereby thrown on the general
theory of symbolic reasoning, and on algebraic symbolism in particular.

The comparative study necessarily presupposes some previous separate
study, comparison being impossible without knowledge. Accordingly after
the general principles of the whole subject have been discussed in Book I.
of this volume, the remaining books of the volume are devoted to the separate
study of the Algebra of Symbolic Logic, and of Grassmann’s Calculus of
Extension, and of the ideas involved in them. The idea of a generalized
conception of space has been made prominent, in the belief that the
properties and operations involved in it can be made to form a uniform
method of interpretation of the various algebras.

Thus it is hoped in this work to exhibit the algebras both as systems
of symbolism, and also as engines for the investigation of the possibilities
of thought and reasoning connected with the abstract general idea of space.
A natural mode of comparison between the algebras is thus at once provided
by the unity of the subject-matters of their interpretation. The detailed
comparison of their symbolic structures has been adjourned to the second
volume, in which it is intended to deal with Quaternions, Matrices, and the
general theory of Linear Algebras. This comparative anatomy of the subject
was originated by B. Peirce’s paper on Linear Associative Algebra®, and has
been carried forward by more recent investigations in Germany.

* First read before the National Academy of Sciences in Washington, 1871, and republished
in the American Journal of Mathematics, vol. iv., 1881,
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The general name to be given to the subject has caused me much thought :
that finally adopted, Universal Algebra, has been used somewhat in this
signification by Sylvester in a paper, Lectures on the Principles of Universal
Algebra, published in the American Journal of Mathematics, vol. vi., 1884.
This paper however, apart from the suggestiveness of its title, deals ex-
plicitly only with matrices.

Universal Algebra has been looked on with some suspicion by many
mathematicians, as being without intrinsic mathematical interest and as
being comparatively useless as an engine of investigation. Indeed in this
respect Symbolic Logic has been peculiarly unfortunate; for it has been
disowned by many logicians on the plea that its interest is mathematical, and
by many mathematicians on the plea that its interest is logical. Into the
quarrels of logicians I shall not be rash enough to enter. Also the nature of
the interest which any individual mathematician may feel in some branch of
his subject is not a matter capable of abstract argumentation. But it may
be shown, I think, that Universal Algebra has the same claim to be a serious
subject of mathematical study as any other branch of mathematics. In order
to substantiate this claim for the importance of Universal Algebra, it is
necessary to dwell shortly upon the fundamental nature of Mathematics.

Mathematics in its widest signification is the development of all types of
formal, necessary, deductive reasoning.

The reasoning is formal in the sense that the meaning of propositions
forms no part of the investigation. The sole concern of mathematics is the
inference of proposition from proposition. The justification of the rules of
inference in any branch of mathematics is not properly part of mathematics:
it is the business of experience or of philosophy. The business of
mathematics is simply to follow the rule. In this sense all mathematical
reasoning is necessary, namely, it has followed the rule.

Mathematical reasoning is deductive in the sense that it is based upon
definitions which, as far as the validity of the reasoning is concerned (apart
from any existential import), need only the test of self-consistency. Thus no
external verification of definitions is required in mathematics, as long as it is
considered merely as mathematics. The subject-matter is not necessarily
first presented to the mind by definitions: but no idea, which has not been
completely defined as far as concerns its relations to other ideas involved in
the subject-matter, can be admitted into the reasoning. Mathematical
definitions are always to be construed as limitations as well as definitions;
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namely, the properties of the thing defined are to be considered for the
purposes of the argument as being merely those involved in the definitions.

Mathematical definitions either possess an existential import or are
conventional. A mathematical definition with an existential import is the
result of an act of pure abstraction. Such definitions are the starting points
of applied mathematical sciences; and in so far as they are given this
existential import, they require for verification more than the mere test
of self-consistency.

Hence a branch of applied mathematics, in so far as it is applied, is not
merely deductive, unless in some sense the definitions are held to be
guaranteed a priori as being true in addition to being self-consistent.

A conventional mathematical definition has no existential import. It sets
before the mind by an act of imagination a set of things with fully defined
self-consistent types of relation. In order that a mathematical science of any
importance may be founded upon conventional definitions, the entities created
by them must have properties which bear some affinity to the properties
of existing things. Thus the distinction between a mathematical definition
with dn existential import and a conventional definition is not always very
obvious from the form in which they are stated. Though it is possible
to make a definition in form unmistakably either conventional or existential,
there is often no gain in so doing. In such a case the definitions and resulting
propositions can be construed either as referring to a world of ideas created
by convention, or as referring exactly or approximately to the world of existing
things. The existential import of a mathematical definition attaches to it, if
at all, qud mixed mathematics; qud pure mathematics, mathematical defi-
nitions must be conventional®.

Historically, mathematics has, till recently, been confined to the theories
of Number, of Quantity (strictly so-called), and of the Space of common
experience. The limitation was practically justified: for no other large
systems of deductive reasoning were in existence, which satisfied our
definition of mathematics. The introduction of the complex quantity of
ordinary algebra, an entity which is evidently based upon conventional
definitions, gave rise to the wider mathematical science of to-day. The
realization of wider conceptions has been retarded by the habit of mathe-
maticians, eminently useful and indeed necessary for its own purposes, of
extending all names to apply to new ideas as they arise. Thus the name

* Cf. Grassmann, dusdelinungslehre von 1844, Einleitung.



viii PREFACE.

of quantity was transferred from the quantity, strictly so called, to the
generalized entity of ordinary algebra, created by conventional definition,
which only includes quantity (in the strict sense) as a special case.

Ordinary algebra in its modern developments is studied as being a large
body of propositions, inter-related by deductive reasoning, and based upon
conventional definitions which are generalizations of fundamental conceptions.
Thus a science is gradually being created, which by reason of its fundamental
character has relation to almost every event, phenomenal or intellectual,
which can occur. But these reasons for the study of ordinary Algebra apply
to the study of Universal Algebra; provided that the newly invented
algebras can be shown either to exemplify in their symbolism, or to represent
in their interpretation interesting generalizations of important systems of
ideas, and to be useful engines of investigation. Such algebras are
mathematical sciences, which are not essentially concerned with number
or quantity ; and this bold extension beyond the traditional domain of pure
quantity forms their peculiar interest. The ideal of mathematics should be
to erect a calculus to facilitate reasoning in connection with every province of
thought, or of external experience, in which the succession of thoughts, or of
events can be definitely ascertained and precisely stated. So that all serious
thought which is not philosophy, or inductive reasoning, or imaginative
literature, shall be mathematics developed by means of a calculus.

It is the object of the present work to exhibit the new algebras, in their
detail, as being useful engines for the deduction of propositions; and in their
several subordination to dominant ideas, as being representative symbolisms
of fundamental conceptions. In conformity with this latter object I have
not hesitated to compress, or even to omit, developments and applications
which are not allied to the dominant interpretation of any algebra. Thus
unity of ides, rather than completeness, is the ideal of this book. I am
convinced that the comparative neglect of this subject during the last forty
years is partially due to the lack of unity of idea in its presentation.

The neglect of the subject is also, I think, partially due to another defect
in its presentation, which (for the want of a better word) I will call the lack
of independence with which it has been conceived. I will proceed to explain
my meaning.

Every method of research creates its own applications: thus Analytical
Geometry is a different science from Synthetic Geometry, and both these
sciences are different from modern Projective Geometry. Many propositions
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are identical in all three sciences, and the general subject-matter, Space, is
the same throughout. But it would be a serious mistake in the development
of one of the three merely to take a list of the propositions as they occur in
the others, and to endeavour to prove them by the methods of the one in
hand. Some propositions could only be proved with great difficulty, some
could hardly even be stated in the technical language, or symbolism, of the
special branch. The same applies to the applications of the algebras in this
book. Thus Grassmann’s Algebra, the Calculus of Extension, is applied to
Descriptive Geometry, Line Geometry, and Metrical Geometry, both non-
Euclidean and Euclidean. But these sciences, as here developed, are not
the same sciences as developed by other methods, though they apply to the
same general subject-matter. Their combination here forms one new and
distinct science, as distinct from the other sciences, whose general subject-
matters they deal with, as is Analytical Geometry from Pure Geometry.
This distinction, or independence, of the application of any new algebra

appears to me to have been insufficiently realized, with the result that the

developments of the new Algebras have been cramped.

In the use of symbolism I have endeavoured to be very conservative.
Strange symbols are apt to be rather an encumbrance than an aid to
thought: accordingly I have not ventured to disturb any well-established
notation. On the other hand I have not hesitated to introduce fresh symbols
when they were required in order to express new ideas.

This volume is divided into seven books. In Book I. the general prin-
ciples of the whole subject are considered. Book II. is devoted to the
Algebra of Symbolic Logic; the results of this book are not required in any
of the succeeding books of this volume. Book IIL is devoted to the general
principles of addition and to the theory of a Positional manifold, which is a
generalized conception of Space of any number of dimensions without the
introduction of the idea of distance. The comprehension of this book is
essential in reading the succeeding books. Book IV. is devoted to the
principles of the Calculus of Extension. Book V. applies the Calculus of
Extension to the theory of forces in a Positional manifold of three dimensions.
Book VI. applies the Calculus of Extension to Non-Euclidean Geometry,
considered, after Cayley, as being the most general theory of distance in a
Positional manifold; the comprehension of this book is not necessary in
reading the succeeding book. Book VIL. applies the Calculus of Extension
to ordinary Euclidean Space of three dimensions.

——
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It would have been impossible within reasonable limits. of time to have
made an exhaustive study of the many subjects, logical and mathematical,
on which this volume touches; and, though the writing of this volume has
been continued amidst other avocations since the year 1880, I cannot
pretend to have done so. In the subject of pure Logic I am chiefly indebted
to Mill, Jevons, Lotze, and Bradley; and in regard to Symbolic Logic to
Boole, Schrioder and Venn. Also I have not been able in the footnotes to
this volume adequately to recognize my obligations to De Morgan’s writings,
both logical and mathematical. The subject-matter of this volume is not
concerned with Quaternions; accordingly it is the more necessary to mention
in this preface that Hamilton must be regarded as a founder of the
science of Universal Algebra. He and De Morgan (cf note, p. 131)
were the first to express quite clearly the general possibilities of algebraic
symbolism.

The greatness of my obligations in this volume to Grassmann will be
understood by those who have mastered his two Ausdehnunyslehreg\ The
technical development of the subject is inspired chiefly by his work of 1862,
but the underlying ideas follow the work of 1844. At the same time I have
tried to extend his Calculus of Extension both in its technique and in its
ideas. But this work does not profess to be a complete interpretation of
Grassmann’s investigations, and there is much valuable matter in his
Ausdehnungslehres which it has not fallen within my province to touch
upon. Other obligations, as far as I am aware of them, are mentioned as
they occur. But the book is the product of a long preparatory period of
thought and miscellaneous reading, and it was only gradually that the
subject in its full extent shaped itself in my mind; since then the various
parts of this volume have been systematically deduced, according to the
methods appropriate to them here, with hardly any aid from other works.
This procedure was necessary, if any unity of idea was to be preserved, owing
to the bewildering variety of methods and points of view adopted by writers
on the various subjects of this volume. Accordingly there is a possibility of
some oversights, which I should very much regret, in the attribution of ideas
and methods to their sources. I should like in this connection to mention
the names of Arthur Buchheim and of Homersham Cox as the mathematicians
whose writings have chiefly aided me in the development of the Calculus of
Extension (cf. notes, pp. 248, 346, 370, and 575). In the development of
Non-Euclidean Geometry the ideas of Cayley, Klein, and Clifford have been

| el
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chiefly followed ; and in the development of the theory of Systems of Forces
I am indebted to Sir R. S. Ball, and to Lindemann.

I bave added unsystematically notes to a few theorems or methods,
stating that they are, as far as I know, now enunciated for the first time.
These notes are unsystematic in the double sense that I have not made
a systematic search in the large literatures of the many branches of
mathematics with which this book has to do, and that I have not added
notes to every theorem or method which happens to be new to me.

My warmest thanks for their aid in the final revision of this volume are
due to Mr Arthur Berry, Fellow of King’s College, to Mr W. E. Johnson,
of King’s College, and Lecturer to the University in Moral Science, to
Prof. Forsyth, Sadlerian Professor to the University, who read the first three
books in manuscript, and to the Hon. B. Russell, Fellow of Trinity College,
who has read many of the proofs, especially in the parts connected with
Non-Euclidean Geometry.

Mr Johnson not only read the proofs of the first three books, and made
many important suggestions and corrections, but also generously placed at
my disposal some work of his own on Symbolic Logic, which will be found
duly incorporated with acknowledgements.

Mr Berry throughout the printing of this volume has spared himself no
trouble in aiding me with criticisms and suggestions. He undertook the
extremely laborious task of correcting all the proofs in detail. Every page
has been improved either substantially or in expression owing to his
suggestions. I cannot express too strongly my obligations to him both for
his general and detailed criticism.

The high efficiency of the University Press in all that concerns mathe-
matical printing, and the courtesy which I have received from its Officials,
also deserve grateful acknowledgements.

CAMBRIDGE,
December, 1897.
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CHAPTER 1.

ON THE NATURE OF A CALCULUS.

1. SionNs. Words, spoken or written, and the symbols of Mathematics
are alike signs. Signs have been analysed* into (a) suggestive signs,
(8) expressive signs (vy) substitutive signs.

A. suggestive sign is the most rudimentary possible, and need not be
dwelt upon here. An obvious example of one is a knot tied in a hand-
kerchief to remind the owner of some duty to be performed.

In the use of expressive. mgns the attention is not fixed on the sign itself
but on what it expresses; that is to say, it is fixed on the meaning conveyed
by the sign. Ordinary language consists of groups of expressive signs, its
primary object being to draw attention to the meaning of the words
employed. Language, no doubt, in its secondary uses has some of the
characteristics of a system of substitutive signs. It remedies the inability
of the imagination to bring readily before the mind the whole extent of

‘complex ideas by associating these ideas with familiar sounds or marks;

and it is not always necessary for the attention to dwell on the complete
meaning while using these symbols. But with all this allowance it remains
true that language when challenged by criticism refers us to the meaning
and not to the natural or conventional properties of its symbols for an
explanation of its processes. '

A substitutive. sign is such that in thought it takes the place of that for
which it is substituted. A counter in a game may be such a sign: at the
end of the game the counters lost or won may be interpreted in the form of
money, but till then it may be convenient for attention to be concentrated
on the counters and not on their signification. The signs of a Mathematical
Calculus are substitutive signs.

The difference between words and substitutive signs has been stated
thus, ‘a word is an instrument for thinking about the meaning which it

* Cf. Stout, ‘Thought and Language,’ Mind, April, 1891, repeated in the same asuthor’s
Analytic Psychology, {1896), ch. x. § 1: of. also a more obscure analysis to the same effect by
C. B. Peirce, Proc. of the American Academy of,Arts and Scitnces, 1867, Vol. vi1. p. 294.

1—2
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expresses; a substitute sign is a means of not thinking about the meaning"
which it symbolizes®*.” The use of substitutive signs in reasoning is to
economize thought.

2. DEerFINITION OF A CALcULUS. In order that reasoning may be con-
ducted by means of substitutive signs, it is necessary that rules be given for
the manipulation of the signs. The rules should be such that the final state
of the signs after a series of operations according to rule denotes, when the
signs are interpreted in terms of the things for which they are substituted,
a proposition true for the things represented by the signs.

The art of the manipulation of substitutive signs according to fixed rules,
and of the deduction therefrom of true propositions is a Calculus.

We may therefore define a sign used in a Calculus as ‘an arbitrary
mark, having a fixed interpretation, and susceptible of combination with
other signs in subjection to fixed laws dependent upon their mutual
interpretationt.’

The interpretation of any sign used in a series of operations must be
fixed in the sense of being the same throughout, but in a certain sense it may
be ambiguous. For instance in ordinary Algebra a letter # may be used
in a series of operations, and # may be defined to be any algebraical
quantity, without further specification of the special quantity chosen.
Such a sign denotes any one of an assigned class with certain un-
ambiguously defined characteristics. In the same series of operations the
sign must always denote the same member of the class ; but as far as any
explicit definitions are concerned any member will do.

When once the rules for the manipulation of the signs of a calculus
are known, the art of their practical manipulation can be studied apart
from any attention to the meaning to be assigned to the signs. It is
obvious that we can take any marks we like and manipulate them
according to any rules we choose to assign. It is also equally obvious that
in general such occupations must be frivolous. They possess a serious
scientific value when there is a similarity of type of the signs and of the
rules of manipulation to those of some calculus in which the marks used
are substitutive signs for things and relations of things. The comparative
study of the various forms produced by variation of rules throws light
on the principles of the calculus. Furthermore the knowledge thus gained
gives facility in the invention of some significant calculus designed to
facilitate-reasoning with respect to some given subject.

It enters therefore into the definition of a calculus properly so called
that the marks used in it are substitutive signs. But when a set of marks
and the rules for their arrangements and rearrangements are analogous to

* CI. Stout, ‘ Thought and Language,’ Mind, April, 1891.
1 Boole, Laws of Thought, Ch. 1.
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those of a significant calculus so that the study of the allowable forms of
their arrangements throws light on that of the calculus,—or when the
marks and their rules of arrangement are such as appear likely to receive
an interpretation as substitutive signs or to facilitate the invention of a
true calculus, then the art of arranging such marks may be called—by
an extension of the term—an uninterpreted calculus. The study of such
a calculus is of scientific value. The marks used in it will be called signs
. or symbols as are those of a true calculus, thus tacitly suggesting that
there is some unknown interpretation which could be given to the
calculus.

8. EQUIVALENCE. It is necessary to note the form in which propositions
occur in a calculus. Such a form may well be highly artificial from some
points of view, and may yet state the propositions in a convenient form for
the eliciting of deductions. Furthermore it is not necessary to assert that
the form is a general form into which all judgments can be put by the aid
of some torture. It is sufficient to observe that it is a form of wide appli-
cation.

In a calculus of the type here considered propositions take the form
of assertions of equivalence. One thing or fact, which may be complex and
involve an inter-related group of things or a succession of facts, is asserted
to be equivalent in some sense or other to another thing or fact.

Accordingly the sign = is taken to denote that the signs or groups of
signs on either side of it are equivalent, and therefore symbolize things
which are so far equivalent. When two groups of symbols are connected by
this sign, it is to be understood that one group may be substituted for the
other group whenever either occurs in the calculus under conditions for
which the assertion of equivalence holds good.

The idea of equivalence requires some explanation. Two things are
equivalent when for some purpose they can be used indifferently. Thus the
equivalence of distinct things implies a certain defined purpose in view, a
certain limitation of thought or of action. Then within this limited field
no distinction of property exists between the two things.

As an instance of the limitation of the field of equivalence consider

an ordinary algebraical equation, f(z, ¥) =0. Then in finding Z—z by the

formula, g——:-—— —g—{; / g—';, we may not substitute 0 for f on the right-hand

side of the last equation, though the equivalence of the two symbols has been
asserted in the first equation, the reason being that the limitations under
which f=0 has been asserted are violated when f undergoes partial.dif-
ferentiation. :

The idea of equivalence must be carefully distinguished from that of
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mere identity®. No investigations which proceed by the aid of propositions
merely asserting identities such as 4 is 4, can ever result in anything but
barren identities+. Equivalence on the other hand implies non-identity
as its general case. Identity may be conceived as a special limiting
case of equivalence. For instance in arithmetic we write, 2+3=3+2.
This means that, in so far as the total number of objects mentioned, 2 +3
and 3+ 2 come to the same number, namely 5. But 2+3 and 342 are
not identical ; the order of the symbols is different in the two combinations,
and this difference of order directs different processes of thought. The
importance of the equation arises from its assertion that these different
processes of thought are identical as far as the total number of things
thought of is concerned.

From this arithmetical point of view it is tempting to define equivalent
things as being merely different ways of thinking of the same thing as it
exists in the external world. Thus there is a certain aggregate, say of 5
things, which is thought of in different ways, as 2+ 3 and as 3+2. A
sufficient objection to this definition is that the man who shall succeed in
stating intelligibly the distinction between himself and the rest of the world
will have solved the central problem of philosophy. As there is no
universally accepted solution of this problem, it is obviously undesirable to
assume this distinction as the basis of mathematical reasoning.

Thus from another point of view all things which for any purpose can be
conceived as equivalent form the extension (in the logical sense) of some uni-
versal conception. And conversely the collection of objects which together form
the extension of some universal conception can for some purpose be treated
as equivalent. So b=1»' can be interpreted as symbolizing the fact that the
two individual things b and b’ are two individual cases of the same general
conception B}. For instance if b stand for 2 + 8 and b’ for 3 + 2, both b and
b’ are individual instances of the general conception of a group of five things.

The sign = as used in a calculus must be discriminated from the logical
copula ‘i’ Two things b and b’ are connected in a calculus by the sign =,
so that b = b’, when both b and b’ possess the attribute B. But we may not
translate this into the standard logical form, b is . - On the contrary, we
say, b is B, and b’ is B; and we may not translate these standard forms
of formal logic into the symbolic form, b= B, b’ = B; at least we may not do
so, if the sign = is to have the meaning which is assigned to it in a calculus.

It is to be observed that the proposition asserted by the equation, b=V,
consists of two elements; which for the sake of distinctness we will name,
and will call respectively the ‘ truism ’ and the ‘ paradox.’ The truism is the
partial identity of both b and %', their common B-ness. The paradox is the

* Cf. Lotze, Logic, Bk. 1. Ch. 1. Art. 64.
t Cf. Bradley, Principles of Logic, Bk. 1. Ch. v.
% Ibid. Bk. . Pt. 1. Ch. 1v. Art. 8 (8).
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distinction between b and &', so that b is one thing and ¥’ is another thing :
and these things, as being different, must have in some relation diverse
properties. In assertions of equivalence as contained in a calculus the. truism

is passed over with the slightest possible attention, the main stress being laid
on the paradox. Thus in the equation 2 + 8 =3 + 2, the fact that both sides
represent a common five-ness of number is not even mentioned explicitly.
The sole direct statement is that the two different things 3+2 and 2+ 3 ~
are in point of number equivalent.

The reason for this unequal distribution of attention is easy to under-
stand. In order to discover new propositions asserting equivalence it is
requisite to discover easy marks or tests of equivalent things. These
tests are discovered by a careful discussion of the truism, of the common
B-ness of b and . But when once such tests have been elaborated, we may
drop all thought of the essential nature of the attribute B, and simply
apply the superficial test to b and b in order to verify =5 Thus in
order to verify that thirty-seven times fifty-six is equal to fifty-six times
thirty-seven, we may use the entirely superficial test applicable to this case
that the same factors are mentioned as multiplied, though in different
order.

This discussion leads us at once to comprehend the essence of a calculus
of substitutive signs. The signs are by convention to be considered equiva-,
lent when certain conditions hold. And these conditions when inter-
preted imply the fulfilment of the tests of equivalence.

Thus in the discussion of the laws of a calculus stress is laid on the
* truism, in the development of the consequences on the paradox.

v

4 OPERATIONS. Judgments of equivalence can be founded on direct -
perception, as when it is judged by direct perception that two different pieces
of stuff match in colour. But the judgment may be founded on a knowledge
of the respective derivations of the things judged to be equivalent from other
things respectively either identical or equivalent. It is this process of
derivation which is the special province of a calculus. The derivation of
a thing p from things a, b, ¢, ... , can also be conceived as an operation on
the things a, b, ¢, ..., which produces the thing p. The idea of derivation
includes that of a series of phenomenal occurrences. Thus two pieces of stuff
may be judged to match in colour because they were dyed in the same
dipping, or were cut from the same piece of stuff. But the idea is more
general than that of phenomenal sequence of events: it includes purely
logical activities of the mind, as when it is judged that an aggregate of five
things has been presented to the mind by two aggregates of three things and
of two things respectively. Another example of derivation is that of two
propositions @ and b which are both derived by strict deductive reasoning
from the same propositions ¢, d, and e. The two propositions are either both

1 4
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proved or both unproved according as c, d, and e are granted or disputed.
Thus a and b are so far equivalent. In other words « and b may be considered
as the equivalent results of two operations on ¢, d and e.

The words operation, combination, derivation, and synthesis will be used
to express the same general idea, of which each word suggests a somewhat
specialized form. This general idea may be defined thus: A thing a will be
said to result from an operation on other things, ¢, d, e, etc, when a is
presented to the mind as the result of the presentations of ¢, d and e, ete.
under certain conditions; and these conditions are phenomenal events or
mental activities which it is convenient to separate in idea into a group by
themselves and to consider as defining the nature of the operation which is
performed on ¢, d, ¢, ete.

Furthermore the fact that ¢, d, ¢, etc. are capable of undergoing a certain
operation involving them all will be considered as constituting a relation
between ¢, d, e, ete.

Also the fact that ¢ is capable of undergoing an operation of a certain
general kind will be considered as a property of c. Any additional speciali-
zation of the kind of operation or of the nature of the result will be considered
as & mode of that property.

5. SUBSTITUTIVE SCHEMES. Let a, a/, ete, b, b, ete, ...... z, ¢, ete.,
denote any set of objects considered in relation to some common property
which is symbolized by the use of the italic alphabet of letters. The
common property may not be possessed in the same mode by different
members of the set. Their equivalence, or identity in relation to this property,
is symbolized by a literal identity. Thus the fact that the things a and m’'
are both symbolized by letters from the italic alphabet is here a sign that
the things have some property in common, and the fact that the letters
a and m' are different letters is a sign that the two things possess this
common property in different modes. On the other hand the two things
a and o’ possess the common property in the same mode, and as far as
this property is concerned they are equivalent. Let the sign = express
equivalence in relation to this property, then a =a’, and m = m'.

Let a set of things such as that described above, considered in relation
to their possession of a common property in equivalent or in non-equivalent
modes be called a scheme of things; and let the common property of which
the possession by any object marks that object as belonging to the scheme
be called the Determining Property of the Scheme. Thus objects belonging
to the same scheme are equivalent if they possess the determining property
in the same mode.

Now relations must exist between non-equivalent things of the scheme
which depend on the differences between the modes in which they possess
the determining property of the scheme. In consequence of these relations
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from things a, b, ¢, etc. of the scheme another thing m of the scheme can be
derived by certain operations. The equivalence, m = m/, will exist between
m and m, if m and m’ are derived from other things of the scheme by
operations which only differ in certain assigned modes. The modes in which
processes of derivation of equivalent things m and m’ from other things of
the scheme can differ without destroying the equivalence of m and m' will be
_called the Characteristics of the scheme.

Now it may happen that two schemes of things—with of course different
determining properties—have the same characteristica Also it may be
possible to establish an unambiguous correspondence between the things
of the two schemes, so that if a, a’, b, etc, belong to one scheme and
a, «, B, ete., belong to the other, then a corresponds to a, a’ to ', b to B
and so on. The essential rule of the correspondence is that if in one scheme
two things, say a and @', are equivalent, then in the other scheme their
corresponding things a and «' are equivalent. Accordingly to any process
of derivation in the italic alphabet by which m is derived from a, b, etc.
there must correspond a process of derivation in the Greek alphabet by
which u is derived from a, 8, ete.

In such a case instead of reasoning with respect to the properties of one
scheme in order to deduce equivalences, we may substitute the other
scheme, or conversely; and then transpose at the end of the argument.
This device of reasoning, which is almost universal in mathematics, we will
call the method of substitutive schemes, or more briefly, the method of
substitution. '

These substituted things belonging to another scheme are nothing else
than substitutive signs. For in the use of substituted schemes we cease to
think of the original scheme. The rule of reasoning is to confine thought
to those properties, previously determined, which are shared in common with
the original scheme, and to interpret the results from one set of things into
the other at the end of the argument.

An instance of this process of reasoning by substitution is to be found
in the theory of quantity. Quantities are measured by their ratio to an
arbitrarily assumed quantity of the same kind, called the unit. Any set of
quantities of one kind can be represented by a corresponding set of quantities
of any other kind merely in so far as their numerical ratios to their unit are
concerned. For the representative set have only to bear the same ratios
to their unit as do the original set to their unit.

6. CoNVENTIONAL ScHEMES. The use of a calculus of substitutive
signs in reasoning can now be explained.

Besides using substitutive schemes with naturally suitable properties,
. we may by convention assign to arbitrary marks laws of equivalence which
are identical with the laws of equivalence of the originals about which we

— e -
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desire to reason. The set of marks may then be considered as a scheme
of things with properties assigned by convention. The determining property
of the scheme is that the marks are of certain assigned sorts arranged
in certain types of sequence. The characteristics of the scheme are
the conventional laws by which certain arrangements of the marks in
sequence on paper are to be taken as equivalent. As long as the marks
are treated -as mutually determined by their conventional properties,
reasoning concerning the marks will hold good concerning the originals
for which the marks are substitutive signs. For instance in the employ-

ment of the marks z, y, +, the equation, 2+ y =y +a, asserts that a’

certain union on paper of # and y possesses the conventional quality that
the order of 2 and y is indifferent. Therefore any union of two things
with' a result independent of any precedence of one thing before the other
possesses so far properties identical with those of the union above

set down between z and y. Not only can the reasoning be transferred -

from the originals to the substitutive signs, but the imaginative thought
itself can in a large measure be avoided. For whereas combinations of the
original things are possible only in thought and by an act of the imagi-
nation, the combinations of the conventional substitutive signs of a calculus
are physically made on paper. The mind has simply to attend to the rules
for transformation and to use its experience and imagination to suggest
likely methods of procedure. The rest is merely physical actual inter-
change of the signs instead of thought about the originals.

A calculus avoids the necessity of inference and replaces it. by an ex-
ternal demonstration, where inference and external demonstration are
to be taken in the senses assigned to them by F. H. Bradley®. In this
connexion a demonstration is to be defined as a process of combining a
complex of facts, the data, into a whole so that some new fact is evident.
Inference is an ideal combination or construction within the mind of the
reasoner which results in the intuitive evidence of a new fact or relation
between the data. But in the use of a calculus this process of combina-
tion is externally performed by the combination of the concrete symbols,
with the result of a new fact respecting the symbols which arises for sensuous
perceptiont. When this new fact is treated as & symbol carrying a
meaning, it is found to mean the fact which would have been intuitively
evident in the process of inference.

7. UNINTERPRETABLE ForMs. The logical difficulty? involved in the

use of a calculus only partially interpretable can now be explained. The

* Cf. Bradley, Principles of Logic, Bk 11. Pt 1. Ch. m.
‘ + Cf. C. S. Peirce, Amer. Journ. of Math. Vol. vir. p. 182: ‘As for algebra, the very idea of
' the art is that it presents formuls® which can be manipulated, and that by observing the effects
i of such manipulation we find properties not otherwise to be discovered.’

% Cf. Boole, Laws of Thought, Ch. v. § 4.
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discussion of this great problem in its application to the special case of
(- 1)‘ engaged the attention of the leading mathematicians of the first half
of this century, and led to the development on the one hand of the Theory
of Functions of a Complex Variable, and on the other hand of the science
here called Universal Algebra.

The difficulty is this: the symbol (— 1)} is absolutely without meaning
when it is endeavoured to interpret it as a number; but algebraic ‘trans-
formations which involve the use of complex quantities of the form a + bt,
where a and b are numbers and ¢ stands for the above symbol, yield pro-
positions which do relate purely to number. As a matter of fast the pro-
positions thus discovered were found to be true propositions. The method
therefore was trusted, before any explanation was forthcoming why algebraic
reasoning which had no intelligible interpretation in arithmetic should
give true arithmetical results. '

The difficulty was solved by observing that Algebra does not depend on
Arithmetic for the validity of its laws of transformation. If there were
such a dependence, it is obvious that as soon as algebraic expressions
are arithmetically unintelligible all laws respecting them must lose their
validity. But the laws of Algebra, though suggested by Arithmetic, do
not depend on it. They depend entirely on the convention by which it is
stated that certain modes of grouping the symbols are to be considered as
identical. This assigns certain properties to the marks which form the symbols
of Algebra. The laws regulating the manipulation of the algebraic symbols
are identical with those of Arithmetic. It follows that no algebraic theorem
can ever contradict any result which could be arrived at by Arithmetic; for
the reasoning in both cases merely applies the same general laws to different
classes of things. If an algebraic theorem is interpretable in Arithmetic,
the corresponding arithmetical theorem is therefore true. In short when
once Algebra is conceived as an independent science dealing with the re-
lations of certain marks conditioned by the observance of certain conventional
laws, the difficulty vanishes. If the laws be identical, the theorems of the
one science can only give results conditioned by the laws which also hold
good for the other science; and therefore these results, when interpretable,
are true.

It will be observed that the explanation of the legitimacy of the use of a
partially interpretable calculus does not depend upon the fact that in another
field of thought the calculus is entirely interpretable. The discovery of an
interpretation undoubtedly gave the clue by means of which the true solution
was arrived at. For the fact that the processes of the calculus were in-
terpretable in a science so independent of Arithmetic as is Geometry at once
showed that the laws of the calculus might have been defined in reference
to geometrical processes. But it was a paradox to assert that a science like
Algebra, which had been studied for centuries without reference to Geometry,

\ .

|
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was after all dependent upon Geometry for its first principles. The step to
the true explanation was then easily taken.

But the importance of the assistance given to the study of Algebra by the
discovery of a complete interpretation of its processes cannot be over-esti-
mated. It is natural to think of the substitutive set of things as assisting
the study of the properties of the originals. Especially is this the case with
a calculus of which the interest almost entirely depends upon its relation to
the originals. But it must be remembered that conversely the originals give
immense aid to the study of the substitutive things or symbols.

The whole of Mathematics consists in the organization of a series of aids
to the imagination in the process of reasoning; and for this purpose device is
piled upon device. No sooner has a substitutive scheme been devised to assist
in the investigation of any originals, than the imagination begins to use the
originals to assist in the investigation of the substitutive scheme. In some
connexions it would be better to abandon the conception of originals studied
by the aid of substitutive schemes, and to conceive of two sets of inter-related
things studied together, each scheme exemplifying the operation of the same
general laws. The discovery therefore of the geometrical representation of
the algebraical complex quantity, though unessential to the logic of Algebra,
has been quite essential to the modern developments of the science.



CHAPTER 1II.

MANIFOLDS.

8. ManiroLps. The idea of a manifold was first explicitly stated by
Riemann*; Grassmann+ had still earlier defined and investigated a particular
kind of manifold.

Consider any number of things possessing any common property.
That property may be possessed by different things in different modes : let
each separate mode in which the property is possessed be called an element.
The aggregate of all such elements is called the manifold of the property.

Any object which is specified as possessing a property in a given mode
corresponds to an element in the manifold of that property. The element
may be spoken of as representing the object or the object as representing
the element according to convenience. All such objects may be conceived
as equivalent in that they represent the same element of the manifold.

Various relations can be stated between one mode of a property and
another mode ; in other words, relations exist between two objects, whatever
other properties they may possess, which possess this property in any two
assigned modes. The relations will define how the objects necessarily differ
in that they possess this property differently: they define the distinction
between two sorts of the same property. These relations will be called
relations between the various elements of the manifold of the property; and
the axioms from which can be logically deduced the whole aggregate of such
relations for all the elements of a given manifold are called the characteristics
of the manifold.

The idea of empty space referred to coordinate axes is an example of a
manifold. Each point of space represents a special mode of the common
property of spatiality. The fundamental properties of space expressed in
terms of these coordinates, ie. all geometrical axioms, form the character-
istics of this manifold.

* Ueber die Hypothesen, welche der Geometrie zu Grunde liegen, Gesammelte Mathematische

Werke ; a translation of this paper is to be found in Clifford’s Collected Mathematical Papers.
t+ Ausdehnungslehre von 1844.

|
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It is the logical deductions from the characteristics of a manifold which
are investigated by means of a calculus. The manifolds of separate proper-
ties may have the same characteristics. In such a case all theorems which
are proved for one manifold can be directly translated so as to apply to
the other. This is only another mode of stating the ideas explained in
Chapter I. § 3, 4, 5.

The relation of a manifold of elements to a scheme of things (cf. § 5), is
that of the abstract to the concrete. Consider as explained in § 5 the
scheme of things represented by a, a’ etc., b, b’ etc., ......z, ¢ etc. Then
these concrete things are not elements of a manifold. But to such a scheme
a manifold always corresponds, and conversely to a manifold a scheme of
things corresponds. The abstract property of a common A-ness which makes
the equivalence of @, @', etc.,, in the scheme is an element of the manifold
which corresponds to this scheme. Thus the relation of a thing in a scheme
to the corresponding element of the corresponding manifold is that of a
subject of which the element can be predicated. If A be the element
corresponding to @, a’ etc.,, then a is 4, and @’ is8 4. Thus if we write
2+3 =05 at length, the assertion is seen to be

Q+1)+Q+1+1)=1+141+141; °*

this asserts that two methods of grouping the marks of the type 1 are
equivalent as far as the common five-ness of the sum on each side.

The manifold corresponding to a scheme is the manifold of the deter-
mining property of the scheme. The characteristics of the manifold corre-
spond to the characteristics of the scheme.

9. SEcONDARY PROPERTIES OF ELEMENTS. In order to state the
characteristics of a manifold it may be necessary to ascribe to objects corre-
sponding to the elements the capability of possessing other properties in
addition to that definite property in special modes which the elements
represent. Thus for the purpose of expressing the relation of an element 4
of a manifold to the elements B and C it may be necessary to conceive
an object corresponding to 4 which is either a, or a,, or «,, where the
suffix denotes the possession of some other property, in addition to the
A-ness of A, in some special mode which is here symbolized by the suffix
chosen. Such a property of an object corresponding to 4, which is necessary
to define the relation of A to other elements of the manifold, is called a
Secondary Property of the element A.

Brevity is gained by considering each element of the manifold, such as 4,
as containing within itself a whole manifold of its secondary properties.
Thus with the above notation 4 stands for any one of d,, 4,, 4, etc.,, where
the suffix denotes the special mode of the secondary property. Hence the
object @,, mentioned above, corresponds to 4,, and a, to 4,, and so on.
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And the statement of the relation between two elements of the original
mauifold, such as 4 and B, requires the mention of a special 4, say 4,
and of a special B, say B,. :

For example consider the manifold of musical notes conceived as repre-
senting every note so far as it differs in pitch and quality from every other
note. Thus each element is a note of given pitch and given quality. The
attribute of loudness is not an attribute which this manifold represents;
but it is a secondary property of the elements. For consider a tone 4 and
two of its overtones B and C, and consider the relations of 4, B, C to a note
P which is of the same pitch as A and which only involves the overtones
Band C. Then P can be described as the pitch and quality of the sound
produced by the simultaneous existence of concrete instances of 4, B and C
with certain relative loudnesses. Hence the relation of P to 4, B, C requires
the mention of the loudness of each element in order to express it. Thus
if 4,, By, C, denote 4, B, € with the required ratio of their loudnesses, P
might be expressed as the combination of 4,, B, C..

The sole secondary property with which in this work we shall be concerned
is that of intensity. Thus in some manifolds each element is to be conceived
as the seat of a possible intensity of any arbitrarily assumed value, and this
intensity is a secondary property necessary to express the various relations of
the elements.

10. DerINITIONS. To partition a manifold is to make a selection
of elements possessing a common characteristic: thus if the manifold
be a plane, a selection may be made of points at an equal distance from a
given point. The selected points then form a circle. The selected elements
of a partitioned manifold form another manifold, which may be called a
submanifold in reference to the original manifold.

Again the common attribute C, which is shared by the selected elements
of the original manifold 4, may also be shared by elements of another
manifold B. For instance in the above illustration other points in other

- planes may be at the same distance from the given point. We thus arrive at
the conception of the manifold of the attribute C which has common elements
with the manifolds 4 and B. This conception undoubtedly implies that the
three manifolds 4, B and C have an organic connection, and are in fact parts
of a manifold which embraces them all three.

A manifold will be called the complete manifold in reference to its
possible submanifolds ; and the complete manifold will be said to contain its
submanifolds. The submanifolds will be said to be incident in the complete
manifold.

One submanifold may be incident’ in more than one manifold. It will
then be called a common submanifold of the two manifolds. Manifolds
will be said to intersect in their common ,submanifolds.
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11, SpeciaL ManiFoLps. A few definitions of special manifolds will
both elucidate the general explanation of a manifold given above and will
serve to introduce the special manifolds of which the properties are dis-
cussed in this work.

A manifold may be called self-constituted when only the properties
which the elements represent are used to define the relations between
elements; that is, when there are no secondary properties.

A manifold may be called extriosically constituted when secondary
properties have to be used to define these relations.

The manifold of integral numbers is self-constituted, since all relations
of such numbers can be defined in terms of them.

A uniform manifold is a manifold in which each element bears the same
relation as any other element to the manifold considered as a whole.

If such a manifold be a submanifold of a complete manifold, it is not
necessary that each element of the uniform submanifold bear the same
relation to the complete manifold as any other element of that submanifold.

Space, the points being elements, forms a uniform manifold. Again
the perimeter of a circle, the points being elements, forms a uniform mani-
fold. The area of a circle does not form a uniform manifold.

A simple serial manifold is a manifold such that the elements can be
arranged in one series. The meaning of this property is that some determinate
process of deriving the elements in order one from the other exists (as in the
case of the successive integral numbers), and that starting from some initial
element all the other elements of the manifold are derived in a fixed order by
the successive application of this process. Since the process is determinate
for a simple serial manifold, there is no ambiguity as to the order of suc-
cession of elements. The elements of such a manifold are not necessarily
numerable. A test of a simple serial manifold is that, given any three
elements of the manifold it may be possible to conceive their mutual relations
in such a fashion that one of them can be said to lie between the other
two. If a simple serial manifold be uniform it follows that any element can
be chosen as the initial element.

A manifold may be called a complex serial manifold when all its elements
belong to one or more submanifolds which are simple serial manifolds, but
when it is not itself a simple serial manifold. A surface is such a manifold,
while a line is a simple serial manifold.

Two manifolds have a one to one correspondence® between their elements
if to every element of either manifold one and only one element of the
other manifold corresponds, so that the corresponding elements bear a certain
defined relation to each other.

* The subject of the correspondence between the elements of manifolds has been investigated

by G. Cantor, in a series of memoirs entitled, ‘ Ueber unendliche, lineare Punktmannichfaltigkeiten,’
Math. Annalen, Bd. 15, 17, 20, 21, 28, and_ Borchardt’s Journal, Bd. 77, 84.
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































